A new method f o r d e t e r m i n i n g t h e
o n l y t h e l e n g t h s b u t a l s o t h e widths and shapes of magnets has been developed. The non-linear magnetic c i r c u i t composed of several magnets can be designed numerically by u s i n g t h i s method without any experience.
. OUTLINE OF NEW METHOD A magnetic f i e l d produced by permanent magnets i s c o n t r o l l e d by changing (1) t h e s h a p e s , ( ) s i z e s , ( 3 ) p o s i t i o n s , ( 4 ) d i r e c t i o n s o f m a g n e t i z a t i o n o r (5) materials of magnets. ( 3 ) t o ( 5 ) a r e u s u a l l y g i v e n i n p r a c t i c a l d e s i g n s .
T h e r e f o r e , it i s n e c e s s a r y t o determine the shapes and sizes of magnets which produce t h e p r e s c r i b e d f l u x d e n s i t i e s a t s p e c i f i e d p o i n t s . When t h e s h a p e s o r s i z e s of magnets a r e unknown variables, the Rayleigh-Ritz matrix equation for the magnetic f i e l d becomes n o n -l i n e a r .
T h e r e f o r e , t h e equation cannot be e a s i l y s o l v e d . T h i s d i f f i c u l t y i s avoided by a newly developed method.
The o u t l i n e o f t h e method i s explained by the following two t y p i c a l examples: (1) r e c t a n g u l a r magnet which i s simple and the most popular, ( 2 ) quadrangular magnet which i s fundamental for an a r b i t r a r y shaped magnet.
. 1 Rectangular magnet
Let u s c o n s i d e r t o d e t e r m i n e o n l y one dimension, namely, the width W o r t h e l e n g t h L o f a magnet shown i n F i g . 1 .
The f l u x d e n s i t y B o i n t h e d i r e c t i o n d e n o t e d by arrow a t a p o i n t P is p r e s c r i b e d . F i g u r e 1 ( a ) shows an example a d j u s t i n g t h e w i d t h W so a s t o produce €30 a t p o i n t P. The l e n g t h L i s f i x e d . F i g u r e 1 (b) shows a model a d j u s t i n g t h e l e n g t h L. The width W i s f i x e d . The material of magnet i s given and the directi.on of magnetization i s chosen t o be t h e same a s t h a t of t h e f l u x d e n s i t y Bo.
The width W o r l e n g t h L of t h e magnet is s u i t a b l y presumed. The f l u x d e n s i t y B produced by t h e presumed magnet a t p o i n t P i s u s u a l l y d i f f e r e n t from B o . A ' r e c t a n g u l a r a d d i t i o n a l magnet denoted by t h e h a t c h e d p a r t i n F i g . 1 i s i n t r o d u c e d i n o r d e r t o a d j u s t t h e d i f f e r e n c e (B-Bo) o f f l u x d e n s i t y . The width Dwa o r length DLa of t h e a d d i t i o n a l magnet, which i s small enough compared w i t h t h a t o f t h e presumed magnet, i s assumed adequately. The magnetization Nwa o r Mta of the additional magnet i s c a l c u l a t e d as the so-called inverse problem C11. A s t h e number of t h e g i v e n f l u x d e n s i t y i s only one, the
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number of unknown v a r i a b l e , namely, t h e number of t h e magnetization of a d d i t i o n a l magnet must be only one. By t h e way, the values of magnetizations M i n t h e presumed magnet a r e n e a r l y a l l t h e same w i t h t h e mean value E of them. A s b o t h t h e presumed magnet and t h e a d d i t i o n a l magnet should be e s s e n t i a l l y made of t h e same m a t e r i a l , t h e m a g n e t i z a t i o n Mwa o r MLa m u s t be n e a r l y t h e same with 5 i . F o r t h i s r e a s o n , t h e a d d i t i o n a l magnet i s replaced by a rectangular equivalent magnet of which t h e m a g n e t i z a t i o n i s and produces the same f l u x d e n s i t y a t p o i n t P as t h Because of the assumptions that the distribution of magnetization in the magnet i s uniform and the dimension of the magnet i s i n v e r s e l y p r o p o r t i o n a l t o t h e m a g n e t i z a t i o n , t h e magnet obtained by t h e above procedure does not usually produce the prescribed flux d e n s i t y Bo p r e c i s e l y .
T h e r e f o r e , i t e r a t i o n s a r e n e c e s s a r y u n t i l 
: The i n i t i a l v a l u e s o f v e c t o r p o t e n t i a l s { A ) i n t h e whole region and the magnetization M a of t h e a d d i t i o n a l
magnet a r e set.
:
The increments{GA}and 6Ma can be c a l c u l a t e d by t h e Newton-Raphson i t e r a t i o n scheme t a k i n g i n t o a c c o u n t t h e n o n -l i n e a r i t y of t h e presumed magnet. @ : . The mean value M of the magnetizations i s c a l c u l a t e d from t h e v e c t o r p o t e n t i a l s
The width D of t h e e q u i v a l e n t magnet is c a l c u l a t e d presumed magnet.
from (1). Some i t e r a t i o n s a r e n e c e s s a r y u n t . i l t h e a c c u r a t e w i d t h which p r o d u c e s t h e g i v e n f l u x d e n s i t y can be obtained.
Though t h e number of unknown v a r i a b l e is only one i n F i g . 1 , t h i s method can a l s o be a p p l i e d when t h e number i s i n c r e a s e d . The d e t a i l s f o r p l u r a l c a s e s will be e x p l a i n e d i n t h e f o l l o w i n g s e c t i o n . 
Quadrangular magnet
By expanding the above-mentioned procedure, the p r e s c r i b e d f l u x d e n s i t i e s B1q t o B 3 0 a t p o i n t s P1 toP3, shape and s i z e of a quadrangle in Fig.4 ,which produces can be determined. In t h i s c a s e , t h e m a t e r i a l and t h e d i r e c t i o n o f m a g n e t i z a t i o n a r e g i v e n . 
t o D3 of t h e
e q u i v a l e n t m a g n e t s a r e c a l c u l a t e d i n t h e same way as Section 2.1. The shape of the modified magnet is uneven near t h e c o m e r s Dland Dgof t h e presumed magnet. Therefore, f o r example, a new p o i n t 1 4 i s d e f i n e d a t t h e c e n t e r p o i n t between p o i n t s 1 0 and 11. Thus a new shape (9-14-15-13-9) i s obtained. Some i t e r a t i o n s a r e n e c e s s a r y u n t i l t h e d e s i r e d a c c u r a c y can be obtained by s e t t i n g t h e a d d i t i o n a l m a g n e t s on t h e s i d e s o f t h e magnet. In this case, because of t h e m u t u a l i n f l u e n c e s of magnets, the number o f i t e r a t i o n i s l a r g e r t h a n t h a t i n S e c t i o n 2 .l. (9-14-15-13-9) Fig.4 Design of an a r b i t r a r y shaped magnet.
I t i s a l s o p o s s i b l e t o d e t e r m i n e t h e s h a p e of t h e Polygonal magnet
by u s i n g t h e same method. I f t h e s u r f a c e Of t h e magnet i s c u r v e d , t h e s h a p e , of t h e magnet can be determined by approximating the curve as polygon.
T h e number of t h e a d d i t i o n a l m a g n e t s must be t h e same a s t h e number of t h e p r e s c r i b e d f l u x d e n s i t i e s .
Here l e t u s c o n s i d e r t h e number of 
Where Ace) and vo denote the area of element e and t h e r e l u c t i v i t y of a i r , r e s p e c t i v e l y . M a i s t h e magnetization of t h e a d d i t i o n a l m a g n e t . e i s t h e a n g l e which shows t h e d i r e c t i o n o f m a g n e t i z a t i o n and i s measured from t h e x -a x i s . c i , d i a r e d e n o t e d a s f o l l o w s :
w i t h t h e o t h e r c o e f f i c i e n t s o b t a i n e d by a c y c l i c p e r m u t a t i o n o f s u b s c r i p t s i n t h e o r d e r i , j , k.
By r e p l a c i n g M a i n ( 6 ) with Mat and s u b s t i t u t i n g (4) and 
I f & M a t i n (10) i s t r e a t e d as an unknown v a r i a b l e , t h e m a t r i x e q u a t i o n f o r t h e whole region containing magnets i s o b t a i n e d as follows:
where n i s t h e number, of nodes .of which t h e v e c t o r p o t e n t i a l s are unknown, and r i s t h e number of unknown magnetizations of additional magnets. 
i i s u n i t y when t h e node i i s i n t h e t ' t h a d d i t i o n a l magnet and z e r o when t h e node i i s o u t s i d e o f t h e t ' t h a d d i t i o n a l m a g n e t . Q i s a f u n c t i o n of e q u i v a l e n t m a g n e t i c c u r r e n t d e n s i t i e s 151 of presumed magnet and t h e known v e c t o r p o t e n t i a l s on t h e D i r i c h l e t boundaries. Qi i s denoted by
A s t h e number o f t h e e q u a t i o n s i s n , and t h e number o f t h e unknown v a r i a b l e s i s ( n + r ) , (11) cann@t be s o l v e d .
T h e r e f o r e , t h e f o l l o w i n g r e l a t i o n s h i p s among t h e v e c t o r p o t e n t i a l s and f l u x d e n s i t i e s s h o u l d b e introduced.
R e l a t i o n s h i p s among v e c t o r p o t e n t i a l s and f l u x d e n s i t i e s
In the design of permanent magnets the following f l u x d e n s i t i e s a r e u s u a l l y p r e s c r i b e d : ( a ) t h e x-and y-components Bxg and By0 o f t h e f l u x d e n s i t y a t a s p e c i f i e d p o i n t ,
(b) t h e component Bko i n an a r b i t r a r y d i r e c t i o n o f . t h e f l u x d e n s i t y . T'he r e l a t i o n s h i p s among v e c t o r p o t e n t i a l s and f l u x d e n s i t i e s f o r t h e c a s e ( a )
are already discussed in Reference
e l a t i o n s h i p s f o r t h e l a t t e r case a r e i n v e s t i g a t e d i n t h i s p a p e r .
F i g u r e 5 shows a f i r s t -o r d e r t r i a n g u l a r e l e m e n t e . The f l u x d e n s i t y Bkg a t p o i n t P i n t h e e l e m e n t is p r e s c r i b e d . a i s t h e a n g l e measured from t h e x -a x i s . 
e n s i t y a t p o i n t P, it i s denoted by Tak i s o b t a i n e d by r e p l a c i n g t h e s u b s c r i p t
0 of T g i in ( 7 ) w i t h a. R e p l a c i n g t h e d i f f e r e n c e of t h e r i g h tand left-hand sides of (15) 
Fij i s t h e c o e f f i c i e n t o f EAj and K j i s t h e r i g h t -h a n d s i d e o f
( 1 7 ) .
. Matrix equation for-inverse problem

If (11) i s combined w i t h (18), t h e number of unknown v a r i a b l e s becomes e q u a l t o t h e number of equations. Therefore, the increments of the unknown v e c t o r p o t e n t i a l s a n d t h e m a g n e t i z a t i o n s o f t h e additional magnets can be d i r e c t l y c a l c u l a t e d by t h e following equation obtained from (11) and (18):
The v a l u e s {D] of modification can be calculated from the obtained Itla) by u s i n g (1).
EXAMPLES
4 . 1 Determination of maqnet widths and l e n g t h s Figure 6 shows a m a g n e t i c c i r c u i t w i t h t w o magnets of which the widths and lengths are unknown. The magnets a r e u n i a x i a l l y a n i s o t r o p i c and magnetized in t h e y- Fig. 6 Vodel used i n t h e a n a l y s i s . c
a l c u l a t e d by s e t t i n g t h e a d d i t i o n a l m a g n e t s d e n o t e d by t h e h a t c h e d p a r t s on t h e s i d e s o f t h e presumed magnets denoted by t h e d o t t e d p a r t s i n F i g . 6 .
The dimension of each additional magnet i s 5(mm) d u r i n g t h e r e p e t i t i o n s of modifying the widths and lengths of magnets 0 and
The c a l c u l a t e d w i d t h s and l e n g t h s a r e 2 6 . 9 , 1 0 . 5 , 33.2 and 13.0(mm), r e s p e c t i v e l y and are den6ted by t h i c k l i n e s i n F i g . 6 .
The e r r o r o f t h e f l u x d e n s i t y a t e a c h p o s i t i o n is l i s t e d i n T a b l e 1. The e r r o r E i s defined by t h e following equation:
0.
where B @ i s t h e p r e s c r i b e d f l u x , d e n s i t y and Bn i s t h e o b t a i n e d f l u x d e n s i t y a t t h e n ' t h i t e r a t i o n .
The e r r o r s a f t e r 4 i t e r a t i o n s a r e w i t h i n 2 . 0 ( % ) . Table 1 The presumed shape of the magnet is denoted by dashed l i n e s and t h e f i n a l l y o b t a i n e d one i s denoted by t h i c k l i n e i n F i g . 7 .
The shape a t e a c h i t e r a t i o n i s shown i n F i g . 9 .
The e r r o r o f t h e f l u x d e n s i t y a t e a c h p o s i t i o n i s l i s t e d i n Table 2 (a) i n v e s t i g a t i o n o f t h e c a s e when t h e s i z e s a r e n o t obtained; (b) determination of positions of magnets; ( c ) a c c e l e r a t i o n o f t h e c o n v e r g e n c e o f s i z e s ; ( d ) t h e optimum d i r e c t i o n s of magnetizations; ( e ) t h e optimum design of magnets having the minimum volume.
By expanding our method, many e l e c t r i c a l machinery and apparatus such a s a magnetizer can also be designed [6] i n E l e c t r i c a l E n g i n e e r i n q , Tokyo, Morikita Shuppan, ( t o be p u b l i s h e d ) .
